
2 Optimality and duality
 Name

 Learning objectives

• Derive and apply the optimality conditions for a convex optimization problem

• Formulate the Lagrange dual function and Lagrange dual problem of an optimization problem

• Explain the characteristics and usage of the dual problem

• Describe the weak and strong duality theorems

• Use the optimal values of dual variables for sensitivity analysis

• Formulate the KKT conditions of an optimization problem

• Derive the primal-dual formulation of a convex optimization problem
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on , vol.20, no.3, pp.1357,1365, Aug. 2005.
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 Definition of a supporting hyperplane

Let C be a set in Rn, x̃ a point in its boundary and a ∈ Rn, a ̸= 0. Then the hyperplane {x ∈ Rn :
aT (x− x̃) = 0} is a supporting hyperplace of the set C at the point x̃ if aT (x− x̃) ≤ 0, ∀x ∈ C.

 Draw supporting hyperplanes to set C at x1 and x2

x1

x2

 Definition of sublevel set

The α-sublevel set of a function f(x) : Rn → R denoted as Cα is defined as:

Cα = {x ∈ domf : f(x) ≤ α}

 Example 2-1: Sublevel sets of a convex function

Let f(x) : Rn → R be a convex function. Are its sublevel sets convex?
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 Example 2-2: Optimality conditions (I)

We have an optimization problem formulated as follows:

minimize f0(x)

subject to x ∈ X

The figure below plots the convex feasibility set X and the contour lines of the convex objective
function f0. Draw the vector −∇f0(x1). Approximately indicate the optimal point x∗ and draw the
vector −∇f0(x

∗).
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- What is the sign of −∇fT
0 (x

∗)(x− x∗),∀x ∈ X?

- Prove that if −∇f0 defines a supporting hyperplane of the set X at x∗, then x∗ is optimal.
Tip: Use the definition of convex function.

Since −∇f0 defines a supporting hyperplane of the set X at x∗, then we have that

−∇fT
0 (x

∗)(x− x∗) ≤ 0 ∀x ∈ X

Since f0 is convex, we also have that

f0(x
∗) ≤ f0(x)−∇fT

0 (x
∗)(x− x∗) ∀x ∈ X

Using both inequalities we obtain

f0(x
∗) ≤ f0(x) ∀x ∈ X

which means that x∗ is optimal.
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 Example 2-3: Optimality conditions (II)

Which are the optimality conditions for an unconstrained problem, i.e., with X = Rn?

 Example 2-4: Optimality conditions for generation scheduling

We consider a generating unit with whose production cost can be expressed as C(x) = ax2 + bx +
c, where x represents the production level at MWh, and a, b and c are known parameters. We
disregard any limit on the production and denote the electricity price by p. Formulate an optimization
problem that determines the optimal generation level to maximize the profit made by the generating
unit. Express the optimality condition for this unconstrained optimization problem and discuss its
implications.

 Solving Example 2-4

Following the optimality condition obtained in the previous exercise, fill in the following table with
the optimal production levels for different prices for a = 0.2, b = 10 and c = 100. Afterwards, check
your results by solving the code Scheduling.gms for very large values of x and x.

p (e/MWh) 10 20 30 40 50

x (MWh)
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 The Lagrangian

Given an optimization problem:

minimize f0(x)

subject to fi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

where x ∈ Rn and f0(x), fi(x), hi(x) : Rn → R. We define the Lagrangian function L : Rn × Rm ×
Rp → R as

L(x, λ, ν) = f0(x) +
m∑
i=1

λifi(x) +

p∑
i=1

νihi(x)

The vectors λ and ν are called Lagrange multipliers or dual variables.

 Lagrangian of Example 1-13

Assuming a = 0, determine the Lagrangian corresponding to Example 1-13. Use η and η as the
Lagrange multipliers corresponding to the production constraints.

 Lagrangian of Example 1-14

Assuming ag = 0, determine the Lagrangian corresponding to Example 1-14. Use η
g

and ηg as the
Lagrange multipliers corresponding to production constraints, and λ as the Lagrange multiplier for
the balance equation.
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 Pointwise maximum and infimum of affine functions

- Draw the pointwise maximum of the functions plotted below. Is that function convex?

- Draw the pointwise minimum of the functions plotted below. Is that function convex?

x

y

 Example 2-5: Pointwise maximum convex functions

Let f1(x) and f2(x) be two convex functions. Let g(x) be defined as the pointwise maximum of
f1(x), f2(x), i.e.,

g(x) = max{f1(x), f2(x)}
Prove that g(x) is a convex function.
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 Example 2-6: Pointwise minimum of concave functions

Let f1(x) and f2(x) be two concave functions. Let g(x) be defined as the pointwise minimum of
f1(x), f2(x), i.e.,

g(x) = min{f1(x), f2(x)}
Prove that g(x) is a concave function.

 The Lagrange dual function

The Lagrange dual function of an optimization problem is denoted as g : Rm ×Rp → R and defined
as the minimum value of the Lagargian over x, that is,

g(λ, ν) = min
x

L(x, λ, ν) = min
x

(
f0(x) +

m∑
i=1

λifi(x) +

p∑
i=1

νihi(x)

)

Considering that f0(x), fi(x), hi(x) are neither convex nor concave. Is g(λ, ν) convex? And concave?
Justify your answer.
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 Lagrange dual function of Example 1-13

Provide the Lagrange dual function corresponding to the optimization problem of Example 1-13

 Lagrange dual function of Example 1-14

Provide the Lagrange dual function corresponding to the optimization problem of Example 1-14
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 Lower bounds on optimal value using the dual function

Let x̃ be a feasible point that satisfies

fi(x̃) ≤ 0,∀i = 1, . . . ,m

hi(x̃) = 0,∀i = 1, . . . , p

For any λ ⪰ 0 and ν we have that
m∑
i=1

λifi(x̃) +

p∑
i=1

νihi(x̃) ≤ 0

Prove that g(λ, ν) ≤ f0(x̃). Is that inequality also valid for x̃ = x∗? Discuss the implications.
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 Lower bound on optimal value of Example 1-13

Solve Scheduling.gms for a = 0 and p = 30. Chose any “interesting” value of the Lagrange multipliers
of Example 1-13. Confirm that the value of the dual function yields a lower bound on the optimal
value of the optimization problem.

 Lower bound on optimal value of Example 1-14

Solve EcoDispatch.gms for ag = 0 and d = 300. Chose any “interesting” value of the Lagrange
multipliers of Example 1-14. Confirm that the value of the dual function yields a lower bound on
the optimal value of the optimization problem.
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 The Lagrange dual problem

For any λ ⪰ 0 and ν we have that g(λ, ν) is a lower bound on the optimal value. Therefore we
can be interested in knowing the highest lower bound we can find, that it, to solve the following
optimization problem.

maximize g(λ, ν)

subject to λ ⪰ 0

This problem is called the Lagrange dual problem.

 Example 2-7: Is the Lagrange dual problem convex?

Indicate under which conditions of f0, fi, hi the Lagrange dual problem is convex.

 Weak duality

Let p∗ and d∗ denote the optimal values of the original optimization problem and its Lagrange dual
problem respectively. Then it is always satified that

d∗ ≤ p∗

This inequality is known as weak duality and it is true even if the original optimization problem is
not convex.

 Strong duality

We say that strong duality holds if
d∗ = p∗

Strong duality holds if the optimization problem is convex and the problem satisfy what are called
constraint qualitifications. Among them one of the easiest is the Slater’s condition imposing that
there must exists a stricly feasible point, i.e., a point x̃ that satisfies

fi(x̃) < 0, ∀i = 1, . . . ,m

hi(x̃) = 0, ∀i = 1, . . . , p
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 Example 2-8: Solve the dual problem of Example 1-13 (SchedulingDual.gms)

Formulate the Lagrange dual problem of Example 1-13 and solve it for a = 0 and p = 30 using
GAMS. Write the optimal values of the dual variables as well as the optimal value d∗.

 Example 2-9: Solve the dual problem of Example 1-14 (EcoDispatchDual.gms)

Formulate the Lagrange dual problem of Example 1-14 and solve it for ag = 0 and d = 300 using
GAMS. Write the optimal values of the dual variables as well as the optimal value d∗.
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 Example 2-10: Duality as a certificate of optimality of Example 1-13

Solve Scheduling.gms with a = 0 and p = 40 and write down the optimal values of the dual variables.
Check that the dual variables are feasible points of the corresponding dual problem. Check whether
the strong duality condition holds in both cases. What does this mean?

 Example 2-11: Duality as a certificate of optimality of Example 1-14

Solve EcoDispatch.gms with ag = 0 and d = 400 and write down the optimal values of the dual
variables. Check that the dual variables are feasible points of the corresponding dual problem.
Check whether the strong duality condition holds in both cases. What does this mean?
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 The perturbed problem

Let us consider the following perturbed problem

minimize f0(x)

subject to fi(x) ≤ ui, i = 1, . . . ,m

hi(x) = vi, i = 1, . . . , p

with f0, fi convex functions and hi affine functions. Let us denote its optimal value as p∗(u, v). For
u, v = 0, the Lagrange dual function of this problem is:

g(λ, ν) = min
x

(
f0(x) +

m∑
i=1

λifi(x) +

p∑
i=1

νihi(x)

)

We denote the optimal Lagrange multipliers of the unperturbed problem as λ∗, ν∗. Since the unper-
turbed problem is convex, any λ ≥ 0, ν provide a lower bound on the optimal value, that is,

min
x

(
f0(x) +

m∑
i=1

λi (fi(x)− ui) +

p∑
i=1

νi (hi(x)− vi)

)
≤ p∗(u, v)

min
x

(
f0(x) +

m∑
i=1

λifi(x) +

p∑
i=1

νihi(x)

)
− λTu− νTv ≤ p∗(u, v)

g(λ, ν)− λTu− νTv ≤ p∗(u, v)

In particular, this is also true for λ∗, ν∗ and therefore

g(λ∗, ν∗)− λ∗Tu− ν∗Tv ≤ p∗(u, v)

Since strong duality holds for the unperturbed problem, we finally obtain:

p∗(0, 0)− λ∗Tu− ν∗Tv ≤ p∗(u, v)

 Example 2-12: Fill in the following table

λ∗
i ui ν∗

i vi then p∗(u, v) will
> 0 < 0 - -
> 0 > 0 - -

- - > 0 > 0

- - > 0 < 0

- - < 0 > 0

- - < 0 < 0

 Local sensitivity analysis and shadow price

Lagrange multipliers are the local sensitivities of p∗ with respect to constraints perturbations, i.e.,

λ∗
i = −∂p∗(0, 0)

∂ui

ν∗
i = −∂p∗(0, 0)

∂vi
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 Example 2-13: Sensitivity analysis

Using sensitivity theory, determine a lower bound of the objective functions of Example 1-15 if the
maximum values of production levels and power flows (xg and fnm) are increased by 1 MW. Contrast
your results by solving the perturbed version of EcoDispatch2.gms with GAMS.

 Example 2-14: Shadow prices

According to the results of EcoDispatch2.gms provided by GAMS, in which technical limit would
you prefer to increase to reduce the operation cost of the system?
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 Complementary slackness

Let x∗ and λ∗, ν∗ be the optimal primal and dual solution of an optimization problem in which strong
duality holds, i.e.,

f0(x
∗)

(1)
= g(λ∗, ν∗)

(2)
= min

x

(
f0(x) +

m∑
i=1

λ∗
i fi(x) +

p∑
i=1

ν∗i hi(x)

)
(3)

≤ f0(x
∗)+

m∑
i=1

λ∗
i fi(x

∗)+

p∑
i=1

ν∗i hi(x
∗)

(4)

≤ f0(x
∗)

Explain the reasoning for each equality or inequality:

(1) Strong duality holds

(2)

(3)

(4)

Explain why this set of equalities and inequalities implies that

λ∗
i fi(x

∗) = 0,∀i = 1, . . . ,m

known as the complementarity slackness condition.
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 KKT conditions for a general optimization problem

Let f0, fi, hi be differentiable functions. Let x∗ and λ∗, ν∗ be the optimal primal and dual solution
of that general optimization problem with zero duality gap. The solution x∗ must be feasible and
therefore

fi(x
∗) ≤ 0, ∀i = 1, . . . ,m

hi(x
∗) = 0, ∀i = 1, . . . , p

Likewise λ∗, ν∗ are dual feasible which means

λ∗
i ≥ 0, ∀i = 1, . . . ,m

Since x∗ minimizes L(x, λ∗, ν∗) we can write

∇f0(x
∗) +

m∑
i=1

λ∗
i∇fi(x

∗) +

p∑
i=1

ν∗
i ∇hi(x

∗) = 0

Finally, complementarity slackness must be satisfied as well

λ∗
i fi(x

∗) = 0, ∀i = 1, . . . ,m

All these conditions together are known as the Karush-Kuhn,Tucker (KKT) conditions. If we have an
optimization problem with differentiable functions and the optimal primal and dual optimal points
satisfy strong duality, then these points must also satisfy the KKT condition above.

 Example 2-15: KKT conditions

Write down the optimality conditions of the following optimization problem

maximize x2 + 5y2

subject to x2 − 7y2 ≥ 8, −7x+ 3y ≤ 5, x− y2 = 0
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 KKT conditions for a convex optimization problem

Let assume we have a convex optimization problem. Let x̃, λ̃, ν̃ be a point that satisfies the KKT
conditions, i.e.,

fi(x̃) ≤ 0, ∀i = 1, . . . ,m

hi(x̃) = 0, ∀i = 1, . . . , p

λ̃i ≥ 0, ∀i = 1, . . . ,m

∇f0(x̃) +
m∑
i=1

λ̃i∇fi(x̃) +

p∑
i=1

ν̃i∇hi(x̃) = 0

λ̃ifi(x̃) = 0, ∀i = 1, . . . ,m

This implies that the Lagrangian function

L(x, λ̃, ν̃) = f0(x) +
m∑
i=1

λ̃ifi(x) +

p∑
i=1

ν̃ihi(x)

is convex and therefore

g(λ̃, ν̃)
(1)
= min

x

(
L(x, λ̃, ν̃)

)
(2)
= L(x̃, λ̃, ν̃) (3)

= f0(x̃) +
m∑
i=1

λ̃ifi(x̃) +

p∑
i=1

ν̃ihi(x̃)
(4)
= f0(x̃)

Explain the reasoning for each equality:

(1) Definition of Lagrange dual function

(2)

(3)

(4)

Since strong duality holds, we can thus confirm that x̃ and λ̃, ν̃ are primal and dual optimal, respec-
tively. This means that if we have a convex optimization problem, the KKT conditions are necessary
and sufficient for optimality.
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 Example 2-16: KKT conditions of the scheduling problem

Determine the KKT conditions corresponding to Example 1-13. Check that the primal and dual
solutions provided by GAMS satisfy these conditions. Use p = 30 and the original data corresponding
to the generating unit.
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 Example 2-17: KKT conditions of the economic dispatch

Determine the KKT conditions corresponding to Example 1-14. Check that the primal and dual so-
lutions provided by GAMS satisfy these conditions. Use d = 300 and the original data corresponding
to the generating units.
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 Example 2-18: Primal-dual formulation

Let assume we have a convex optimization problem. Let x̃, λ̃, ν̃ be a point that satisfies

fi(x̃) ≤ 0, ∀i = 1, . . . ,m

hi(x̃) = 0, ∀i = 1, . . . , p

λ̃i ≥ 0, ∀i = 1, . . . ,m

∇f0(x̃) +
m∑
i=1

λ̃i∇fi(x̃) +

p∑
i=1

ν̃i∇hi(x̃) = 0

f0(x̃) = g(λ̃, ν̃)

Prove that imposing f0(x̃) = g(λ̃, ν̃) is equivalent to impose λ̃ifi(x̃) = 0,∀i = 1, . . . ,m.
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 Example 2-19: Primal-dual formulation of the scheduling problem

Determine the primal-dual formulation of the optimization problem in Example 1-13 for a = 0.
Compare it with its corresponding KKT conditions for a = 0.

 Example 2-20: Primal-dual formulation of the economic dispatch problem

Determine the primal-dual formulation of the optimization problem in Example 1-14 for ag = 0.
Compare it with its corresponding KKT conditions for ag = 0.
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